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ABSTRACT: We study aspects of the thermodynamics of Little String Theory, using its
geometrical definition in critical ten-dimensional string theory. We find that bulk radiation
effects tend to screen the Hagedorn behaviour of the theory, in contrast to the behaviour
in the AdS system background. The resulting density of states of the system, when stable,
is described by a seven-dimensional nonrelativistic gas. This requires modifications of the
holographic Little Hagedorn picture. Using deconstructions we suggest such modifications.
The model is embedded into a system which has an ultraviolet fixed point with an AdS
description. We investigate the thermodynamical properties of these UV completed models.
It is found that the Hagedorn regime survives in a finite band of superheated states that
eventually decay into the plasma phase of the conformal field theory that serves as UV
regulator. This is manifested in a first-order phase transition that is driven by radiative
corrections.
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1. Introduction

Asymptotically free and conformal local field theories seem to be self-contained at all energy
scales and in particular do not need an ultraviolet (UV) completion. In the presence of
gravity such a completion is required and string theory stands out as the main candidate.
The advent of holography in the AdS/CFT context has softened the difference between
these underlying structures and it was discovered that some string theories containing
gravity are actually equivalent to well defined field theories which do not contain gravity



explicitly [fl]. In the course of constructing pairs of duals a new type of underlying structure
was suggested to exist, the Little String Theories (LST) [B-H]. These models are supposed
to have a Hagedorn density of states at very high energies,

exp (Bu E)

UE) ~ ——2r (1.1)

which is characteristic of weakly-coupled string theories. The fundamental length scale
B is the inverse Hagedorn temperature, 75!, and the exponent v controls the thermo-
dynamical stability (see [[jj for a review and a collection of references). Although LST
models do not contain gravity they do posses T-duality, which is not a possible property
of a local field theory. LST is thus a system which is intermediate in this sense between
string theory and field theory, perhaps strongly related to the large-IV limit of QCD. Many
of these properties can be inferred from the holographic description of the theory in terms
of a linear-dilaton background in type II string theory []. A fundamental feature of the
bulk description is the fact that the Hagedorn spectrum ([[.1)) is geometrically realized as
a black-fivebrane spectrum [f.

The Hagedorn spectrum is indeed a distinctive property of free string theory. In the
strong interactions such a spectrum and the presence of the limiting temperature which it
entails led to the suggestion that there is a different underlying structure to the hadrons
in QCD. The constituents are in this case the quarks and gluons. For any finite amount
of colors, N, there exists a large enough energy for which the density of states is that of
the QCD field theory. In terms of temperature there is no limiting temperature. This is
difficult to discover when the theory is truly free (infinite V) but gets exposed for finite N
when the system has interactions. The quest for a possible underlying structure of strings
makes it worthwhile to scrutinize all systems which seem to have a Hagedorn density of
states. One clue in this quest is provided by the marginal stability of these systems, this
in the sense that the microcanonical temperature function,

T(E) = Q(E) (a%§)>l

(1.2)

starts up being a constant temperature denoted by Ty = Bﬁl A small correction that
turns T'(E) into an increasing function of the energy, E, provides stability to the system
through its positive specific heat. On the other hand a correction leading to the opposite
behaviour endows the system with a negative specific heat, signalling a thermodynamical
instability. It could also be an indication that the theory undergoes a first-order transition
to a stable high-energy phase, if such a phase exists. The sources of these modifications
can be traced to features of the background such as curvature and finite-size effects as
well as to perturbative interaction corrections and nonperturbative effects, affecting the
precise value of the coefficient v in ([[.I), as well as introducing other types of functional
dependencies.

The main example is the case of the interacting critical, ten dimensional string gas. At
energy densities of order g; 2 in string units an underlying structure emerges: the nucleation
of small black holes induces their negative specific heat, making the system unstable to the



unlimited growth of these black holes. The system can be stabilized by an infrared (IR)
regularization; an AdS box where the small black holes end up growing to the size of the
large AdS black hole at the Hagedorn temperature of the bulk, i.e. T = A\/*Typ, where
Tup is the Hawking-Page temperature of the AdS space [§, [, and X is the 't Hooft coupling
of the dual CFT. Hence, the ten-dimensional Hagedorn phase appears as a superheated
unstable state of the full CFT, that decays into the stable plasma phase [[[]]. In this paper,
we shall argue that LSTs present a conceptually similar picture, albeit slightly modified by
the specific subtleties of the LST holographic map.

LSTs can be canonically constructed as the decoupling limit of the type ITA string
dynamics on a stack of N coincident NS5-branes, with vanishing string coupling, g; — 0,
and fixed string length £, = m;!. The dual geometry is described by adding to the world-
volume coordinates (t,y5) € R!™ a ‘tube’ with a holographic ‘radial’ coordinate z € R
and a transverse three-sphere of radius R = Vo/N = Es\/N , threaded by N units of
Neveu-Schwarz flux. In addition, there is a linear dilaton profile whose slope is 1/R:

ds = —dt> + di2 + d2® + R2dQ%, e = /R, (1.3)

This is the decoupling limit which retains stringy features, such as T-duality and the
Hagedorn density of states with effective inverse temperature Sy = Tﬁl = 2ls\/N. In
this paper, we deal mostly with the situation in which N is parametrically large but finite.
A crucial aspect of this large N regime is the fact that the Hagedorn spectrum is not related
to a gas of long strings in the geometry ([[.3) but to the black-brane states with asymptotics
given by ([.J). This model can be defined with either type IIA or IIB fivebranes, as they
are related by a T-duality, but the low-energy sector of these two models is quite different.
The type IIA LST flows in the infrared to the six-dimensional (2, 0) conformal field theory
(CFT), whereas the type IIB counterpart has a six-dimensional Yang-Mills theory with
(1,1) supersymmetry.

One of the striking features of ([.3) is the occurrence of a flat seven-dimensional
Minkowski metric by combining the world-volume coordinates with the radial ‘holographic
coordinate’ z. This is rather surprising for a system that should presumably describe
a six-dimensional theory. Unlike the more familiar AdS case, there are no gravitational
red-shift effects in the z direction that effectively confine normalizable modes within a
finite range of z. This feature has been related to the nonlocality of the dual LST theory
(cf. [T, B, [[J]) and presents LST as an interesting laboratory for ideas about holography in
asymptotically flat spacetimes (cf. [[[J] for a recent discussion). In fact, the linear dilaton
slope is responsible for a ‘partial containment’ of excitations in the radial direction, inducing
a finite mass gap Moz = 1/R for propagation along the z coordinate [[[4]. The finite height
of this barrier means that a thermal gas of particles at the LST Hagedorn temperature
Ty = (2rR)™1, contributing to the one-loop corrections of thermodynamic functions, is
effectively nonrelativistic when propagating down the essentially infinite ‘tube’. Although
subject to a Boltzmann suppression, the corresponding thermodynamical functions behave
extensively in z. There is an induced infrared divergence, thus undoing the loop expansion
of the LST, at least to the extent that one uses the geometry ([.J) to do computations.
One can proceed by imposing an ad hoc cutoff at large values of z in the linear-dilaton



background, but then it should be checked that the results, and the order of the various
limits, are independent of the cutoff, or else a physical interpretation of the cutoff must be
provided. We find that the discussion of the thermodynamic stability of LST theories is
intimately connected with the fate of the volume divergence in the holographic direction.
This is done by first uncovering irregularities trying to set up a canonical framework and
then uncovering the sources of these irregularities in a microcanonical analysis. Indeed it
turns out that the bulk properties in the z direction can dominate the properties of the
whole system leading to a less familiar nonrelativistic but extensive gas of strings. We
derive this and discuss the effects of such a gas in some detail. In particular this gas turns
out not to have a Hagedorn density of states.

In order to be able to better disentangle the various limits involved we find it useful
to embed the LST in a CFT at high energies. In this way one is guaranteed a standard
implementation of holography in the deep ultraviolet regime, as well as a physical interpre-
tation for whatever instabilities are found. The strategy is analogous to the one followed
in [[[0, [[§], in which the Hagedorn behaviour of ten-dimensional critical IIB strings was
given a finite-volume regularization in the standard AdSs x S® background. The immedi-
ate payback of such a procedure is that one knows the stable state at high temperature
for this system, namely a large AdSgz41 black hole with temperature T'(E) ~ EYd for a
CF'T fixed point with d spacetime dimensions. The results are of course not universal but
depend on the specific UV completion. However for any such completion the transient role
of the Hagedorn behavior is clearly uncovered. The particular embedding of the LST into
a UV fixed point will use the ideas of ‘deconstruction’ [[[§]. Namely, we will consider a
lattice approximation to the LST, where the lattice is engineered on the Higgs branch of a
lower-dimensional field theory with a more or less standard UV fixed point [[7, [[§]. This
has been done already in the literature for other purposes for type I1IB, the treatment for
type ITA presented here is novel.

Our results indicate that the fate of the Hagedorn transition in the so-regularized
LST theories is ultimately very similar to that of standard critical strings in AdS spaces.
Namely we find a first-order phase transition that ‘censors’ the Hagedorn regime as in [[9].
The Hagedorn density of states pertains yet again to a band of superheated states that
are either unstable or metastable, depending on the value of the energy. There is however
some difference, since here the first-order transition does not occur at the classical level
but is driven by the quantum mechanical radiative corrections. The LST is found not to
clearly decouple the boundary and the bulk components. One may try to argue that by
following the dependence on the volume cutoff one could isolate a non leading defect like
the behaviour of just the horizon of the blackbrane. It is yet to be demonstrated how to
actually implement such a program in a unique manner.

The paper is organized as follows. In section 2 we review some well-known aspects
of LST thermodynamics, emphasizing the issue of string loop corrections. In section 3
we discuss the extensivity of radiation in the asymptotic tube geometry. In section 4
we elaborate on the impact of such extensivity in the holographic properties of the LST
background and obtain a non relativistic string gas. In section 5 we contrast the AdS and
LST holographic properties. We focus on the breakdown of holography in some cases by



using an effective potential picture for various Dp branes, p = 5 being a border case. In
section 6 we discuss the off-shell thermodynamical stability of LST models with an explicit
regularization of the tube length, this is done by both a canonical and microcanonical
analysis. The physical role of the radial IR cutoff is discussed. In section 7 we present
several deconstructed models and their corresponding UV completions. In section 8 we
study the thermodynamics of the deconstructed models.

2. Review of LST thermodynamics

According to the LST holographic dictionary, the classical approximation to the thermal
ensemble is described geometrically by the decoupling limit of the near-extremal NS5-brane

metric:

2d’f'2

ds®> = —dt? 1—7”—(2] + dyy? R R2 dO2 2.1
= 742 y5+ + 3 ()

r2 —r2
and dilaton e? = gsR/r, where we have introduced a spherical radial coordinate r =
gsRexp(z/R). The associated Hawking temperature is independent of the horizon radius
rg, and given by T(rg) = (2rR)~!. The energy, defined with reference to that of an
extremal NS5-brane embedded in ten-dimensional Minkowski space, is

_ Vemirg

E(ro) = or)g (2.2)

whereas the Bekenstein-Hawking entropy satisfies the Hagedorn law S = g F = 2rRE.
As a result, the classical approximation to the Euclidean action of (R.]), or free energy,

vanishes for all values of rg:

I(ro) = B E(rg) — S(rg) =0. (2.3)

This strict Hagedorn behaviour is a property of the decoupling limit that isolates
the LST dual metric (R.I]). Retaining the full, asymptotically flat, ten-dimensional CHS
background [Rd],

2 2 2 2
2 2 o 2 R dr 2 102 2 2 R
ds* = —dt <1—ﬁ>+dy5+<1+r—2> <W+T dQ3>, ed’:gs(l-i-ﬁ)
(2.4)

one finds a temperature function

1
Tlro) = 2 R\/1+ r¢/R?
that, via eq. (B.2), decreases monotonically as a function of the energy, resulting in a system
of negative specific heat.

We can now use the location of the event horizon, 7y, as a probe of the local properties
of the background. The local value of the string coupling at the horizon grows from O(gs)
at the top of the tube, to O(1) at g ~ 75 = gsR. At lower radii we must use some S-dual
description, with details depending on whether we work in type ITA or type IIB (cf. [21]).
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Figure 1: The different regions of the bulk type ITA background. The local string coupling grows
towards smaller radii in the NS5 ‘tube’, becoming of O(1) at r ~ r; = g;R. At lower radii the
system is well approximated by the uplifted solution to eleven dimensions, i.e. the smeared M5-
brane solution, which localizes below r ~ rg = gsR/ VN and flows to the AdS; x S* dual of the
(2,0) CFT in six dimensions. In the type IIB case, the M5 phase is replaced by the near-horizon
Db5-brane background, and the matching at r ~ ry takes the system to a non-geometrical phase
described by weakly-coupled Yang-Mills theory.

In type ITA the S-dual is an eleven-dimensional metric of N M5-branes smeared over the
eleven-dimensional circle of length Ry; = gs¢s. In eleven-dimensional units, this S-duality
matching takes place at 79 ~ 1y = Ry;1vV/N. The thermodynamics of a near-extremal
solution with horizon radii rg < rs continues to be Hagedorn-like until we reach radius
around 79 ~ rg = Ry1 = gsR/ VN , where the smeared Mb-branes localize on the circle,
and we flow to the AdS; x S* background that characterizes the dual (2,0) CFT in six
dimensions.! The standard thermodynamics of AdS; black branes yields entropy Scpr ~
N3V5T? and energy Ecpr ~ N3V5TO for the rank-N (2,0) CFT. The matching to the
Hagedorn regime Syag = E/TH occurs at radii o ~ rp. At this point the thermodynamics
of the (2,0) CFT and the Hagedorn-like black brane match in temperature, T' = T, energy
Ep ~ N3VsT% and entropy Sy ~ N3V5T9 (notice the peculiar scaling of the (2,0) CFT
entropy, corresponding to O(N?) degrees of freedom).

In type IIB theory, the S-dual transition at rg ~ ry = Rgs yields the near-extremal
Db5-brane metric, which becomes highly curved at rqg ~ rg ~ Rgs/N. At this point we
match to a non-geometrical description in terms of six-dimensional SYM with rank N.
The corresponding thermodynamical functions Sy ~ N2VsT® and Eyy ~ N2VT© (in
the free approximation) match the ‘Hagedorn entropy and energy’, Sy ~ N 2V5T§1, and
Eyg ~ NQVE—,T?I at the threshold T' = Tj.

To summarize, the leading large- /N thermodynamics of the LST system can be captured
by the Hagedorn-like black-brane entropy in the whole range r < r9 < 00.2 At the lower
limit, r9 ~ rg, the system matches to weakly coupled Yang-Mills in the type IIB case,
which does not admit a geometrical description. In the type IIA case, however, the low
energy (2,0) CFT does admit a geometrical description at large N, in terms of the AdS7 x S*
background of eleven-dimensional supergravity. In this case the transition at rg ~ rp is

!The details of this localization transition are interesting, involving nontrivial transients as explained

in [@]
2There is a narrow region around the S-duality threshold, ro ~ rs = gsR, where loop corrections are of
O(1), but the classical thermodynamic functions are insensitive to this transition.



a matching between the AdS region at r < ry and the ‘tube’ region of the metric at
rg < r < oo. The type ITA ‘tube’ is eleven-dimensional in the region rg < r < gsR,
and ten-dimensional for r > g;R. Strictly speaking, the geometry is only ‘tube-like’ in the
ten-dimensional region, but we refer to whole geometry above the AdS matching as ‘the
tube’, because the classical thermodynamic functions do not notice the strong-coupling
transition at rg ~ gsR.

2.1 Loop corrections and stability

A central question regarding the deep LST regime, at energies F > FEp, is whether the
‘Hagedorn plateau’, i.e. the constant function T'(F) = Ty, is corrected upwards or down-
wards. The choice among these alternatives would determine the thermodynamical stabil-
ity of this phase. Equivalently, we seek to lift the degeneracy of the Euclidean action as a
function of the horizon location (.3).

We would like to answer this question in the fully decoupled background (R.1)). Of
course, different embeddings or deformations of the decoupled metric might have particular
stability properties. For example, keeping the undecoupled system, as in (R.4), results in an
unstable phase. Ideally, we would like to disentangle whatever instabilities could be induced
by the particular UV completion of the LST system, from the intrinsic instabilities of the
self-contained string theory defined in (B.1)). In this section, we will identify the radiation
in the ‘tube’ region as the main contender in deciding the fate of the function T'(E) for
this system.

The corrections to the function T'(F) come in principle from both o' and g5 loop
effects in string theory. Short-distance o corrections at string tree-level do not seem
capable of removing the Hagedorn degeneracy. The Euclidean background contains the
coset SL(2,R)/U(1) as a factor [R3], an exact worldsheet CFT description (at least in
the type IIA case), for any value of the horizon location, and with a fixed value of the
asymptotic temperature. Hence, no o’ corrections are expected for the thermodynamical
functions at string tree level.

An estimate of the one string-loop correction to the free energy was presented in [4],
where only radiation far from the horizon was taken into account. In fact, for N > 1,
the calculation can be performed reliably in the low-energy supergravity approximation.
The effect of higher string modes, at energies of O(ms), can be incorporated by adding
higher-dimensional operators to the effective supergravity model, whereas the effect of the
light modes may be dealt with directly.

A contribution to the free energy can be split into the part which is extensive in the
length of the tube, with effective geometry R!*6 x S3 and a linear dilaton profile, and
the part coming from the horizon region, with curvature of O(1/R?). In general, loop
corrections at the horizon location are of relative order

26(r0) _ 9B _ yara B

2 )
U E

where @ = 3 in the type ITA theory, and o = 2 in the type IIB theory. Hence, the
corrections to the microcanonical temperature function coming only from local effects near



the horizon are

0T (E)

Ty
with C an unknown coefficient of O(1) (cf. 5, Bf]). This expression is valid for F large
enough so that the correction term is small. At E ~ N*~*Ey (equivalently 7q ~ Rgs), the

O N4—oz EH
horizon E ’

(2.5)

loop corrections are very significant, and at lower energies we must use the dual description.
For example, in the type IIA model, the eleven-dimensional supergravity background has
as quantum expansion parameter 612) /R?, where ¢y is the eleven-dimensional Planck length
and R is a characteristic radius of curvature. At the LST threshold, rg ~ Ri1, we have
R ~ £, N'/3  so that quantum corrections to T(E)/Ty are of relative order O(N—2/3).
Thus, the supergravity approximation is uniformly accurate for large N, except in the
immediate vicinity of the strong-coupling threshold rg ~ gsR.

Conversely, in the type IIB model the string loop corrections are of O(1) at r¢ ~ gsR.
At lower radii, we switch to the S-dual near-extremal D5-brane metric. In this case,
the local string coupling decreases towards small radius, but the o corrections become
dominant, producing O(1) corrections to (R.H) at the threshold to the low-energy Yang-Mills
description. Hence, the type IIB model has small loop corrections localized at the horizon
provided N is sufficiently large, except for the vicinity of the LST threshold, rg ~ ry and
the S-duality threshold rg ~ 7.

The remaining contributions to the one-loop corrections can be associated to the effect
of string modes propagating ‘in the tube’. These are extensive in the length of the tube (the
extension of the z coordinate) and therefore dominate the horizon effects for a sufficiently
long tube. The contribution to the free energy of this string gas with extensive behaviour
in the z coordinate was calculated in ref. [24], with the result

B AFube = Aljpe ~ —Cr Vs Az TF (2.6)

where C7 is a positive numerical constant of O(1) and Az is the length of the tube contain-
ing the string gas at temperature Ty. Notice that we can obtain the form of this expression
by simple dimensional analysis and the assumption of extensivity in V5Az, since the LST
has only one intrinsic energy scale, Ty ~ 1/R, in the limit {7y ~ N—1/2 « 1. In this
limit, the degrees of freedom are well accounted for by the low-energy supergravity approx-
imation, and the same dimensional argument gives an entropy with a seven-dimensional,
field-theoretical scaling:

Seube ~ Cs Vs Az TH | (2.7)

with Cs another positive constant of O(1).

If the decoupled metric (B.1]) is taken at face value, we have Az = oo and the radiation
appears to dominate the canonical ensemble. Thus, we face a situation very similar to that
of a canonical ensemble in flat-space gravity, which does not admit a rigorous definition
because of the Jeans instability (cf. for example 7). In the LST case, the situation
is not quite as ill-defined as in standard flat Minkowski space, because the local string
coupling (and thus the local value of Newton’s constant) decreases exponentially at large
z. This means that the radiation system in the tube is asymptotically free at large z, and



not particularly prone to the Jeans instability. On the other hand, the free radiation does
contribute a large density of states, spoiling the (six-dimensional) holographic scaling of
the entropy. This apparent clash between radiation thermodynamics and holography will
be the subject of the sections 3 and 4.

If we impose an ad hoc regularization of the tube length, Az = zp — 29, we can write
Az = 1Rlog(Ex/Ep), where Ej is the energy stored in the black-brane horizon at the
classical level, eq. (2.9), and E, is the classical energy of a black brane with horizon radius
20 = zp. Then, adding (R.7) to the classical horizon entropy Sy Ej, we find a one-loop

corrected entropy function
S(Ey) = B By — (1+7) log(Ey/En) ,  14+7=3Cs RV T} . (2.8)

This parametrization was used in [R4] to argue that the LST thermodynamics is un-
stable. Notice, however, that the energy Ej, appearing in (@) includes only the classical
black-brane energy. A complete analysis of the stability of the system requires that we
compute the function S(F), with E the total energy in black brane and radiation in an
equilibrium configuration. This suggests that the qualitative physics implied by (R.§) will
be valid only in situations where the total contribution of radiation to the energy is subdom-
inant. At any rate, (R.§) gives an estimate of the critical exponent v appearing in ([L.1]). A
most peculiar feature, when compared to similar exponents in the theory of critical strings,
is its extensivity in the fivebrane worldvolume, which discourages a pictorial interpretation
in terms of a stringy random walk [Bq].

In section 5 we analyze the thermodynamical balance between the horizon and the
radiation in the tube and we find, in particular, the precise regime in which (R.§) is a good
qualitative approximation. As a preview of this analysis, notice that the term (B.6) resolves
the ‘plateau’ degeneracy of (B.J) in the canonical ensemble. The one-loop corrected free
energy at fixed temperature T' = Ty becomes a monotonically increasing function of the
horizon coordinate, and is minimized at the lowest possible value of zy. This suggests that
the canonical ensemble of the system with a finite tube cutoff is dominated by a pure
radiation phase in the tube, i.e. the horizon is pushed down to the edge of the LST regime.

Another point is worth stressing. In this paper we will be mainly concerned with
the notion of thermodynamical stability, as diagnosed by the sign of the specific heat in
homogeneous and static phases. Local dynamical instability inducing time-dependence
of the background, such as the Gregory-Laflamme instability [2§], is known to be asso-
ciated with black-brane metrics featuring negative specific heat Rg]. The corresponding
connection with the dynamics of LSTs was also made in [B(]. In our analysis, the in-
stabilities are triggered by quantum effects such as a radiation bath, and the analogous
dynamical instability associated with these states would be the Jeans instability. These
dynamical details, although very interesting, will not be addressed here, since we limit
ourselves to the discussion of thermodynamical quantities estimated over translationally
invariant (in space and time) states. It is, however, interesting to quote the value of
the Jeans length £; in the vicinity of the horizon. On dimensional grounds we have
0%~ (GNTI)E ~ e2(r0) 8 T ~ N*R?E,/Ey. This quantity is always larger than



R?, and diverges linearly with the energy of the black brane. Hence the Jeans lifetime of

the system increases as we dwell deeper into the Hagedorn regime of the LST.

3. The nonrelativistic string gas on the tube

The scaling of the expressions (.6) and (B.7) suggests a seven-dimensional gas of massless
radiation in the tube. However, the precise coefficient C7, calculated in [24], does not
correspond to a true massless gas. In fact, it turns out that the radiation gas in the tube
has an energy gap 1/R = 27Ty. This means that the part of the entropy scaling extensively
in Az behaves as that of a nonrelativistic gas at a temperature close to the mass threshold.
In this section we explain this nonrelativistic character of the string gas in some detail, as
usually this particular feature is not emphasized, but will nevertheless play a key role in
our discussion.

3.1 The spectrum

The spectrum in the tube can be derived exactly for the whole tower of string excitations,
since this background can be realized as an exact conformal field theory® on the worldsheet
(cf. [R0]). The tube geometry is R'*® x R, x S, with R, given by a linear-dilaton CFT
in the z direction, with worldsheet field Z. The R factor is the standard free conformal
field theory of six bosons Y'® with the corresponding superpartners, and the S? is realized
as a SU(2) current algebra, with K = N — 2. The worldsheet fermions of the WZW model
are free, so that the complete conformal field theory on the worldsheet is the same as the
flat ten-dimensional Minkowski background, except for the replacement of the ¢ = 4 free
conformal field theory of four bosons by the product of the SU(2), WZW model and the
linear dilaton on the Z field, with energy-momentum tensor 7' = —%8Z82 + %Q(?QZ, Q=
v/2/N (in o = 2 units). The conformal operators of this sector are oscillator descendants
of exp(bZ), with weight —%b(b + @). Delta-function normalizable, propagating states in
the z direction, have b = ip, — @/2, so that the weight can be written as %pg + Q?%/8.
Acting on vertex operators of the form

O(dY,dZ, J, ) eP=Y" V; ebZ |

with V; a WZW primary and O a polynomial in derivatives of embedding fields, WZW
currents and worldsheet fermions, the Virasoro generator on physical (transverse states) is
given by

1., JjG+1) 1

1 2
Lo=——w?+4= I T 22 2 4 Oset 3.1
0 2w—|—2p+ ~ +2pz+8+ sc (3.1)

with Osc’ denoting the transverse oscillators of all worldsheet fields and p® = (w,p) is the

energy-momentum along R!*5. Adding the right-movers we obtain the seven-dimensional

3In this paper we consider mostly the limit in which the geometrical picture of the background is valid,
in the N > 1 limit. Exact conformal field theories may better probe the string-scale physics. In particular,
it is possible that there is a transition at the borderline case N = 2 to a system where the bulk-boundary
partition is better defined (cf. [@])

,10,



mass shell condition
Lo+ Lo—a—a= (-’ +75>+p;+ M) =0

with a,a the normal ordering constants (¢« = 1/2 in a chiral Neveu-Schwarz sector and
a = 0 in a Ramond sector). This condition must be supplemented by the level matching
of left and right moving oscillator numbers. Restoring the o/ dependence, we obtain the
seven-dimensional mass formula

45(5 +1 1 2 —
= 4G +1) + — <OSCJ‘ +0sc —a— C_L> , (3.2)

2
M R? ﬁ+a’

with R? = o/ N. The GSO projection is the same as in the ten-dimensional type IIA string,
and removes the pure zero-mode state in the NS sector. Hence, we see that the tube has
a seven-dimensional massive spectrum, with minimum mass equal to 1/R. This spectrum
is exactly the same as in the ten-dimensional ITA theory in Minkowski space, with the
replacement of four flat dimensions contributing a p? to the dispersion relation, by the S3
Casimir and the dilaton shift,

. 4G+ 1

Dy o N + N (3.3)

3.2 The string free energy

This simple fact allows us to reconstruct the free energy computed in [P4]. The modular-
invariant form of the free energy can be written as

d’r
It(il)ae = / 2 Tyo(r,7) X(7,7) , (3.4)
Fo T3

where Fj is the fundamental domain of the torus modular group, Z1¢(7, 7) is the integrand
of the free energy of the ten-dimensional type IIA string theory in Minkowski space, and
T is the ratio of partition functions

Y(7,7) = [Ze1 (1) 7° |22(7)]” Zsu(e) (1. 7) (3.5)

expressing the substitution (B.d). Each chiral partition function in (B.5) is of the form

Z(T)crr = Trypgeey ¢20 %

with ¢ = €?™7. In particular, Z.—; is the partition function of a free scalar, Zz is the
partition function of the Liouville field Z and the remaining factor is the diagonal modular
invariant partition function of the WZW model. In fact, only three factors of a ¢ = 1
system are necessary in (B.5), since the partition function of the Liouville field Z with
background charge @ = y/2/N is exactly given by one ¢ = 1 factor (cf. [BF)), the dilaton
shift ?/8 in the conformal weights being partially offset by the usual additive normaliza-
tion of the worldsheet Hamiltonian —cg/24 = —1/24 — Q*/8. This well-known property
of Liouville fields can also be seen from the path-integral representation of the partition

function, since the background charge () enters through the worldsheet coupling to the
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two-dimensional curvature, | d?0QZR® | which vanishes in the conformal gauge for the
genus one worldsheet.

The fact that the Liouville partition function is only sensitive to ceg = 1 seems to
imply that the dilaton shift in the mass spectrum will not be visible in the one-loop free
energy of the string gas. However, closer inspection reveals that the mass gap is to be
found in the WZW partition function. With SU(2) highest weights Lo|j) = h;|j), we have

csue)  JE+1) 3(N-2) jG+1) 3 1

h; — = - = - 4. )
J 24 N 24N N 24 + AN (3.6)

In this expression, the factor of 3/24 = 1/8 is the standard Virasoro shift for 3 bosons,
whereas the excess 1/4N = (Q?/8 is the term responsible for the mass gap. All in all, the
product of the Liouville CFT with Q = 1/2/N and the WZW model at level N — 2 is a
¢ = 4 conformal field theory with a gap 1/4N in the weights of primary fields.

Standard manipulations of the modular invariant partition function (reviewed in [R4])
provide a proper-time representation of the free energy as a sum over the field excitations
that appear in the spectrum,

I(l) :—ﬂVg,Az/OOd om'g ZZ (HlFf exp —7TO/’7'2M2~—& .
tube 0 2,7_ f:3 /

dral Ty
f.J L€z
(3.7)

Fr is the spacetime fermion number of the field excitation

In this expression, (—1)
f, with mass squared MJ% j given by formula (B.2), namely the sum over discrete energy
levels on the S? is explicitly denoted in (B.7), whereas the momenta along the world-volume
directions as well as the ‘tube’ direction have been already integrated out. The proper-time

integrals can be expressed in terms of modified Bessel functions:

7
Mo\
It(ibe = -20V5Az ZZ g+1 VEy <Fg]€> K% (fﬁMﬁ]) . (38)
17 =1

Alternatively, we can sum over winding numbers ¢ in (B.7) and arrive at the familiar
form of the free energy in the ideal gas approximation

1 _ _1\Fr dﬁdpz _ (_1\Ff,—Buwy,;
Itube Vs Az %:( 1) /(27{-)6 log <1 ( 1) € J)7 (39)

where wy; = /P2 +p2+ M]%,j. As expected, we find an ideal gas with full extensivity

in the z coordinate. Since My > 1/R, the thermal gas is effectively non-relativistic for
temperatures TR < 1. In particular, this is the case at the nominal LST temperature
Ty = (2rR)™!. At low temperatures, we can then approximate the free energy by its
standard nonrelativistic form, obtained from (B.§) by keeping only the £ = 1 term:

M 3
Lo & —V5 Az No (ﬁ) exp(—BMo) , (3.10)

with My = 1/R and Ny = 256 in our case, the total number of field excitations at the lower
mass level.
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4. Bulk radiation versus LST holography

The extensivity of the bulk radiation in ‘the tube’ looks threatening for a standard holo-
graphic interpretation of the one string-loop corrections. In order to emphasize this issue
we pause to discuss some general aspects of the relation between bulk thermal extensivity
and holography (cf. [B3]).

We begin by recalling the well known situation in AdS;41 spaces, with a metric of the

form
2

,
= 7l

in a Poincaré coordinate patch. A black (d — 1)-brane horizon at temperature T' cuts

ds? —dt? +dai ) + RQdﬁ
d—1 r2

off the AdS space at ro = 2rR?*T. The entropy stored ‘classically’ on this horizon scales
holographically, i.e. as in a d-dimensional CFT with a number of particle degrees of freedom,
Neyg, proportional to the inverse Newton’s constant in the bulk:

Vaarg b (2eR)!

— = Vi T4 = NgVy T4,
4G 1 RO Gapr ! off Hat

SBH

At the same time, the entropy stored in radiation, far above the horizon and up to infinity,

S/ T \¢
5~ | dv< ) , 11
r>rg vV —9tt ( )

where dV is a spatial proper-volume element and T/ /—gy is the local red-shifted tem-

can be estimated to be

perature. A more geometrical characterization of this quantity can be obtained in the
Euclidean formalism, by recalling that thermal radiation in static, curved spacetimes, is
extensive in the so-called optical manifold (cf. [B4, BJ]), a conformally rescaled spacetime
with metric g, /|gu|, after continuation to the Euclidean signature and compactification
of time, it = it + [3, on a circle of length § = 1/T. Performing the calculation, we find

S, ~ Cs T Vol (AdSp)optical ~ Va1 T,

a result that shows no vestiges of ‘radial extensivity’. The scaling ensures its holographic
interpretation as the first 1/Neg correction to the entropy of the CFT in d dimensions.
In fact, this holographic scaling generalizes to all metrics of Dp-branes with standard
holographic behaviour, i.e. p < 5, with the substitution d = p 4+ 1. The first failure occurs
precisely for p = 5, the metric S-dual to ([L.3).

4.1 Effective potentials

An alternative way of exhibiting the delicate balance between holography and bulk radia-
tion extensivity is to study the spectrum of normal frequency modes associated to the time
coordinate of some global static frame, w = —i0;. It will be useful to extend the discussion
to metrics of the general form

dr?

ds®* = —f(r)dt* + M + Z 0i(r)? ds? (4.2)
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where ds? are metrics of d;-dimensional Riemannian spaces, with warping factors QZZ. Let
us consider a minimally coupled scalar field from the NS-NS sector, with action

Sy = _% /dDCU —ge (g“”au\lfa,,\lf +m2‘1]2) ) (4.3)

where the metric and the dilaton are treated as classical backgrounds, and furthermore
we assume that the dilaton profile is only a function ¢(r) of the radial coordinate. The
nontrivial dilaton profile can be eliminated from the kinetic term by the redefinition ¥ =
¢V, resulting in an action of the form (E.3) with an effective mass shift

m? — m? =m?+ (Vo) + V3o, (4.4)

after a total derivative is discarded from the action. In order to reach canonical normal-
ization for the normal frequency modes in the bulk, it is convenient to define a generalized
‘Regge-Wheeler’ radial coordinate,

fr)g(r)

casting the original metric in the form

ds* = f(2) (—dt* +dz*) + Z 0i(2)%ds? | (4.6)

(2

where all functional dependencies on z are defined through the change of variables ([.9).
Then, the further field redefinition

1/2
U= <H Qi(r)di> i’ > (47)

yields, after partial integration

Sy = _%/dtdszVi W (07 — 02 + Veg(2)) ¥, (4.8)

where dVj stands for the volume element if the i-th manifold with metric ds?. The effective
potential reads

Vear() = 3 0 log(om) + 4 [0- log(em)]* + f(2) (ﬁz +Zﬁ> L)

where o1 =[], g?i is the product of all warping factors and A; is the Laplace operator on
the i-th warped submanifold.

Entirely similar effective potentials can be constructed for general fields of arbitrary
mass and spin, after due attention is paid to some subtleties. For example, in the case
of the dilaton-graviton system in the NS-NS sector, the field-redefinition ¥ — e? U that
removes the dilaton prefactor from the action affects only the classical part of the dilaton
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field. The fluctuating dilaton field mixes with the trace of the metric and this effect must
be disentangled in order to find the spectrum of physical eigenfrequencies (for example, by
transforming to the Einstein frame). In all cases, the effect of the classical dilaton back-
ground is to induce a shift of the effective mass according to the rule (f.4). In particular,
for a linear dilaton background, ¢(z) = —z/R, we have a genuine shift of the mass-squared
by 1/R?. In the case of Ramond-Ramond p-forms and spacetime fermions, the action is
simpler when written without the dilaton prefactor in the Lagrangian. In these cases, the
mass-shift is seen in the supergravity approximation as induced by nontrivial fluxes, such
as the NS flux on the S? in the case of NS5-branes.
For each field excitation, the normal frequency spectrum is identified with the spectrum
of the Schrodinger operator
— 82+ Van(2) | (4.10)

and the one-loop free energy follows from w as
I =Tryy, (—1)F log <1 — (-1)F e—5W> , (4.11)

where the trace over the Hilbert space of physical states includes both spacetime and in-
ternal quantum numbers, as well as field types. The approximation (@), based on the
assumption of local extensivity in terms of the red-shifted temperature, can be substanti-
ated by a WKB approximation of (f.11)) (cf. [B§ and appendix A). To be more specific,
we can work backwards from (f.11)) as in the previous section to obtain the supergravity

analog of (B.7),
dr 22
1 — 2 E E 1)%Fy
I / - Af TQ) exp( 471'()4’7’2) y (412)

f (eZ

where
(="

Varlal Ty

We can approximate the trace over the quantum numbers of the field excitation f by
an integral, with the WKB approximation to the Schrédinger spectrum (f.10]). The result
is (see appendix A)

Af(m2) = Tryq, exp (—md/7o w?) . (4.13)

As(m) ~ WM?Z/CZZ —wa'm Ver(2) (4.14)

showing that the effective potential Vg substitutes M? 7 in (BA).* In this form, we can
track the contribution of different regions of the warped geometry ([.6) to the radiation
free energy. In particular, if Vog shows a plateau, there is strict extensivity in the Regge-
Wheeler coordinate and the free energy is proportional to Az.

The characteristic holographic behaviour (AdS spaces) is quite the opposite, since the
Regge-Wheeler coordinate z is bounded as r — oo. From the definition ([l.§) and ([L.6]) we

4The different power of 472a/7 in (§.19) and () with respect to (@) can be traced back to the fact
that, in the notation adopted in this section, the collective label for the harmonic quantum numbers, A;,
includes the world-volume momenta as well.
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find f(r) = r2/R? and z = 2z, — R?/r for the particular case of an AdS metric. Here,
Zo 18 a finite integration constant that arises when integrating ([L.5), setting the bound on
the z coordinate. The potential is then proportional to f(z) ~ R?/(z — zs)?, showing a
finite range and an infinite wall at z = z,,. This is a very graphical demonstration of the
‘box-like’ nature of AdS spaces, despite their non-compactness in the radial direction. For
the metrics associated to near-horizon Dp-branes with p < 5 we find instead

2 2
r 2 5—p Rp, 5—p
_ "Dp 4.15
Rpp <5—p> (Zoo—z> ’ ( )

where Rp, denotes the charge radius of the Dp-brane. This expression shows that all
holographic throats of Dp-branes with p < 5 have finite range in the z coordinate. In the
p = 5 case, we find the first marginal failure of holography, as z becomes logarithmically
related to 7 and thus unbounded as r — oco. Strictly speaking, the asymptotic behaviour of
the potential for p > 3 must be studied in the S-dual system, since the local string coupling
grows at large r in all those cases. In particular, for D5-branes we are forced to study the
corresponding background of NS5-branes.

4.2 Fivebrane potentials

For our main subject in this paper, the NS5-branes, we deal with metrics of the form ([[.)
in the near-horizon regime. In this case, z is precisely the Regge-Wheeler coordinate of
this system, and the effective potential can be obtained from the general formula (f.g). In
the parametrization (Jl.§) of the metric, we have f(z) =1 and two ‘warped’ submanifolds:
R® with trivial warping factor, and S? with constant warping factor p(z) = R. Since the

eigenvalues of the Laplacian on R are given by standard momenta 5, we find the potential

Ags

Veir(2) = p° + m° + R

(4.16)

where m? = m? + 1/R?. The Schrédinger operator (f10)) can be diagonalized by plane-
waves in the z direction with momentum p,, and we end up with a frequency spectrum
Showing that a minimum mass-gap 1/R persists, even for the massless ten-dimensional
multiplet, with m = 0.

If we include the asymptotically-flat region of (R.4), the mass shift m? — m? + 1/R?
on the tube eventually turns off for » > R, or z > zr ~ Rlog(1/gs). At small r, the
potential (J.16) is formally valid across the strong-coupling transition at r ~ ry = gsR
(i.e. z ~ zs = 0), provided the field ¥ does not represent an excitation with momentum
in the eleventh dimension. At the ‘LST threshold’, z = zy ~ —Rlog N, corresponding
tor ~rg = gsR/N in the type IIB theory, the supergravity approximation breaks down
and we must match the system to a six-dimensional Yang-Mills theory. Therefore, z = zg
is an explicit boundary for the type IIB effective potential. In the type IIA case, we can
match the system to the AdS; x S* background within the accuracy of the supergravity
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Figure 2: Effective potential of the complete ITA fivebrane background. The eleven-dimensional
low-energy AdS part is glued at z ~ zy onto the CHS background, composed of the ‘tube’ plateau
opening to the ten-dimensional asymptotically flat region far away from the fivebranes. The dashed
lines represent the pure AdS; potential blowing up at z.., which can be determined by matching
the AdS potential to the plateau of height m? 4+ 1/R? when z ~ zy. This fixes 2o, — 2 ~ %R\/ﬁ
in the m — 0 limit.

approximation. Hence, one glues the AdS effective potential to the LST effective potential
at z = z = —Rlog v/N, resulting in a complete potential shown in figure 1.

The effective potential in figure 1 gives an interesting angle on the workings of the
LST holography. States localized at z < zp represent the excitations of the low-energy
(2,0) CFT. These excitations are separated from the ten-dimensional Minkowski region by
a barrier of height 1/R?. In the LST decoupling limit we have g; — 0, which is equivalent
to making the barrier infinitely long. Insistence on keeping the LST scale Ty fixed will
result in the barrier retaining a finite height in this limit (unlike the analogous situation
for Dp-branes with p < 5) and thus excitations with energy above the Tp threshold will
propagate freely in the z direction. For this reason, it is usually stated that the ‘tube’ region
at z > zp cannot be removed from the holographic dual and the continuum spectrum of
momentum states with energy above T is to be considered as part of the LST physical
spectrum (cf. [B7, [[4]). A discussion of these tube degrees of freedom in the matrix model

[S]

definition of LST appears in [Bg.

5. Thermodynamics of a cutoff LST model

We have argued in section 2 that the thermodynamics of the LST, as defined by its gravity
dual, is afflicted by an infrared divergence coming from the entropy of radiation ‘in the
tube’ (the low-energy part of the string one-loop corrections). On physical grounds, this
contribution cannot be neglected, since the black-brane horizon injects radiation in the tube
at a finite rate (see [B7, [[4]). In fact, the massless radiation in the tube dominates over
the short-distance loop corrections provided the tube is sufficiently long. In this section we
analyse this problem by simply imposing a cutoff in the length of the tube. In this way,
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the entropy and free energy of the radiation, (R.7) and (R.4) contribute a finite amount,
and we can study whether it comes to equilibrium with the black-brane horizon.

We can idealize the system as a ‘piston’, modeling the horizon in thermal contact with
radiation in ‘the tube’, reaching out to a total length Az = zjy — 29 = log(ra/rg), where
zp is the coordinate of the tube boundary (cf. figure 3). It will be useful to define a
dimensionless coordinate x, proportional to z and such that x = 0 at the LST threshold
zp. The relation between the different radial coordinates is then

Z—ZH

7= log(r/rmH) , (5.1)

where ry = gsRN~2t%/2 and 2y = Rlog(N~2t*/2). Recall that a = 2 in the type IIB
model and o = 3 in the type ITA model.

X

The tube cutoff sits at x = x5, the maximal length of the tube being zp — 2z = Rxy,
and the fraction of tube length available for radiation being zy — zg = R (za — o) (see
figure 3). The boundary of the tube at z = 0 is assigned the internal degrees of freedom
of the low-energy systems, i.e. the six-dimensional SU(N) Yang-Mills theory in the I1IB
model, and the rank N, (2,0) CFT in the ITA model. In this last case, we can actually
continue the geometrical description to negative values of the x coordinate, by matching
the tube to the AdS; x S* geometry of the infrared fixed point. In either case, we can
model the system as a tube with internal degrees of freedom at the lower, x = 0 boundary,
worth an entropy and internal energy

S~ N*VsT°,  EjRr~N*V5TO, (5.2)

where T is the temperature of the infrared boundary. At the LST threshold, T = Ty and
we denote these quantities by Fy = NO‘V5T2, and Sy = By Ep. The resulting cutoff LST
model can be parametrized by the threshold internal energy, Ef, the intrinsic length scale
Bu ~ R, and the dimensionless tube cutoff, .

We approximate the system by two components in thermal contact: black brane and
radiation with free energy SF = I = I, + I, with a fixed temperature ' = 1/3. The
black free energy is I, = (B E, — Sy, with E} denoting the energy of the classical black-
brane solution, normalized with respect to the extremal solution, and S} is the Bekenstein-
Hawking entropy:

Ey(z0) = E e*™ | Sp(z0) = Sp e*™ = By Ey(x0) . (5.3)

Above the horizon we have a maximally entropic state of radiation contained in the excluded
volume, i.e. in the region xg < < 4.

The radiation component has two regimes depending on whether its temperature is
above or below the mass gap of the cylinder 1/R ~ Ty. For T' > Ty we have a ten-
dimensional relativistic gas with free energy

BF. =1I, ~ -V, T (5.4)

and effective volume V. ~ (x5 —x¢) R*Vs, whereas for T < Ty we have a seven-dimensional
non-relativistic gas of particles of mass M ~ 1/R, as in (B.1(),

I, ~ =V, T% (TR)™3 e P/% (5.5)
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Figure 3: The ‘piston model’ of the LST thermodynamics. The tube extends from the ‘infrared
boundary’ at = 0, out to x = 5. The horizon reaches out to z = z¢, and the remaining volume
is filled with a maximally entropic state of radiation.

where now the radiation volume is given by V, ~ (zpx — x) R V5. Notice that both (.4)
and (p.§) match within O(1) constants at 7' ~ Tp. In what follows we neglect such O(1)
coeflicients.

Our purpose is to investigate the equilibrium conditions between horizon and radiation
degrees of freedom, depending on external parameters: the temperature in the canonical
ensemble, and the total energy in the microcanonical ensemble. In this analysis, we bring
the horizon ‘off shell’, as we decouple the value of the temperature from the value of the
horizon radius. In the Euclidean formalism, we would be discussing metrics of off-shell

black-branes, with a conical defect at r = rg.

5.1 Canonical balance

In the canonical ensemble at temperature T' < Ty, the total free energy of the system is
I(w0) = Iy(xo) + In(wo) ~ (B — Bu) B €™ + (wo — xa) Vs T3 T e /7 (5.6)

which is minimized at xg = 0. Hence, at temperatures T' < T}, the horizon surrenders its
energy to the Hawking radiation in the tube, and recedes to the boundary with infrared
degrees of freedom. The subsequent balance takes place between the degrees of freedom at
the IR boundary, with free energy

Iig ~ =N V517,

and the non-relativistic radiation in the tube. For a given temperature T" < Ty, the
radiation in the tube dominates provided the cutoff satisfies

A > N® (T/TH)2 PR

Equivalently, for a given tube cutoff, the system shows six-dimensional CFT behaviour for
temperatures T' < T, and seven-dimensional behaviour for Ty < T < Ty, where the critical
temperature for ‘tube domination’ is

Ty

1 oglaa /N7 o
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The canonical ensemble at T > Ty is more interesting. The free energy is now
I(zo) ~ (B — Bu) Ex €™ + (w0 — z2) Vs R*T? (5.8)

with 8 — By < 0. For any T" > T}y, the removal of the infrared cutoff x5y — oo sees the
global minimum of I(z¢) occurring at xg = zp, i.e. with the largest possible black brane
taking up all the available free energy. For 0 < T'— Ty < Ty and very large z,, both
x =0 and z = x5 are ‘local’ minima, whereas

ST G (7 ¥ A DS (T/Tn)”
= bos () < e (o mm) - 0

is a local maximum characterized by the unstable balance of “pressures” dI/dx between

the two phases. Taking xp — oo at fixed T' > Ty gives an all-black global minimum,
whereas the opposite is true in the T" — Ty limit at fixed zp. More precisely, given zp,
the global minimum of I(x() in the interval 0 < zp < xp is at * = xx (black dominance)
provided the temperature rises above T, with

T. =Ty (1+ N “zpe 2) | (5.10)

a rather small increment for large 5. In the high-temperature limit the local maximum
migrates to large values of z, which means that there is a large region where the black
brane sheds energy to the radiation component, even if the absolute minimum of the free
energy is the all-black configuration.

We conclude from this analysis that the string loop corrections, in the form of a
radiation bath, induce a first-order phase transition similar to the Hawking-Page transition
in AdS spaces. For T' < T; we have the standard IR six-dimensional CFT thermodynamics,
but the presence of the long tube with a finite gap opens up a transient Ty < T < Tgy
in which the free energy is dominated by a seven-dimensional non-relativistic gas. At
temperatures only slightly above Ty, the system makes a discontinuous jump to a phase
with a large black brane saturating all the available space of the tube. In the limit where
we remove the tube cutoff at fixed T" and T}y, the system degenerates: it is dominated by
a nonrelativistic seven-dimensional gas for all T' < T, whereas it is unstable against the
unlimited growth of a horizon for T > T}y.

This result suggests that there is no truly Hagedorn regime, except for energies close to
the cutoff scale. In turn, this implies that the fate of the Hagedorn phase in LST systems

is linked to the particular physical implementation of the cutoff.

5.2 The microcanonical way

The canonical analysis confirms that the thermodynamical behaviour of the system is rather
subtle, showing either runaway behaviour or seven-dimensional extensivity upon removal
of the radial cutoff. It is then interesting to confirm these findings in the more fundamental
microcanonical ensemble.

Let us consider the typical state of the system at a given total energy E. We adopt
again the approximation of three non-interacting components: the low-energy degrees of
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Figure 4: Canonical free energy as a function of the horizon position in the interval 0 < zy < z, for
different values of the temperature, ranging form sub-Hagedorn, T' < Ty, to temperatures well above
Ty . The full-radiation state, xg = 0, is the global minimum for 7' < Ty. A local full-black minimum
at xop = za develops soon after the temperature rises above Tx. This minimum equilibrates with
the full-radiation minimum at temperatures T" ~ T, and quickly becomes dominant for 7" > T.
This is a typical Landau picture of a first-order phase transition.

freedom at the IR boundary x = 0, with a six-dimensional CFT scaling of entropy:
Sir(Er) ~ N/ V)8 (Eig)*/ (5.11)

the black brane with energy Ej, = Epf exp(2z) and Hagedorn entropy Sy = [u Ep, and
the thermal gas of the gravity multiplet in the tube of length Rx . In the non-relativistic
regime,

Sy (Ey) ~ Bu E, (log (V;T§/E,) +1) for B, <V, T}, (5.12)
with V;. = (za — 29)RV5. In the relativistic regime,
S.(E,) ~ V110 E9/10 for E.> V, T}, (5.13)

with effective volume V;. = (zp — o) R*V5.

For F < Ey there cannot be a black brane in the tube, and the balance takes place

between the IR degrees of freedom at the IR boundary and the radiation in the tube, which

can only be nonrelativistic for these low energies. One finds a threshold energy
Ey

E, = TN (5.14)
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above which the non-relativistic radiation in the tube dominates the entropy. As E reaches
the Hagedorn threshold Ep, the black-brane component takes over the IR degrees of free-
dom as the lower boundary of the tube sits at the horizon zy > 0. The total entropy in
black-brane plus nonrelativistic radiation as a function of the horizon location reads

TN — X0

S(w0) /S ~ €0 4 (€ = *) log ey -

(5.15)
where we use the notation £ = E/FEpy. This function is monotonic and maximized at
xg = 0, which means that, as long as the radiation in the tube remains nonrelativistic, it
will always win over the black brane.

The band of Hawking radiation domination ends when the temperature of the radiation
is of order Ty, at energies of order

E,=Eg N %z, . (5.16)

For ¥ > E, we must model the radiation gas as relativistic. The total entropy as a
function of x( is now
S(x0)/Sy ~ €20 + N~ 1o (xA—xo)l_lo (5—62$°)% . (5.17)
In the regime of interest, we have £ > N~ %z,, and this function is maximized at some
equilibrium value x =  that quickly approaches the maximum possible z — %log E. We
can see this in the following figures, showing the evolution of the entropy maximum for
different values of the ratio N*E/xy, in the particular case of the type ITA model (o = 3).
The conclusion is that, asymptotically for F, < E < Ej, the system is dominated
by a large black brane with approximate Hagedorn spectrum. The upper limit marks the
largest possible black brane that fits within the finite length of the tube. At the same time,
any attempt at decoupling the tube cutoff, zy — oo at fixed E and fixed Ty, results in
E; — 0 and E,, Ey — 00, leaving behind just the phase of nonrelativistic radiation in the
tube.

5.3 Stability

It is interesting to study the stability properties of the combined system at the equilibrium
point in the Hagedorn band. A local entropy maximum occurs for high energies and
moderate radial cutoffs, i.e. %logé’ < xp ~ NYE. In this case we have a local maximum
for 0 <z < %log &. The microcanonical inverse temperature at this maximum is given by

dS 9Sdr _9S

BE) =15~ 2wdE T 9B

At the local maximum 9,5 = 0 and we are left with

Tu(E) = 1o (F )

E — e
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Figure 5: The entropy balance between radiation and a black brane reaching out to z = xg
depends on the dimensionless ratio n = N*E/x . In this picture we show the entropy curves S(z)
for n ranging from 10% in (a) to 1072 in (d), each step decreasing it by a further factor of 1072
Curves (a) and (b) correspond to the relativistic gas (eq. (5.17)) and curve (d) is the non-relativistic
gas (5.19). Curve (c) corresponds to the crossover regime 7 ~ 1 and features a local maximum for
some intermediate value in the interval 0 < zg < %1og E.

or, using the 9,5 = 0 equation,

Sle

TuB(E) =1 — N~ o2 <5_7€2m> . (5.18)
20 TA—T
The correction term to the Hagedorn behaviour on the right hand side is negative and
decreases in size. Hence, we have a situation where 5(FE) approaches unity from below,
resulting in a system with negative specific heat. For & > N%zx) and T ~ 0, i.e. for the
equilibrium at the beginning of the transient, we have corrections of O(1) to the Hagedorn
temperature. For larger £, with z ~ % log £, we have smaller corrections.
In order to obtain a more accurate estimate of these small corrections we must solve
for Z in the equilibrium equation 9,5 = 0, i.e.

0=2¢2 — LNt - In-fezl 7
10 5 h

h= (75_62350 .
TA—T

For £ > 1 and moderate values of xp, we can approximate the equilibrium equation by

where we denote

just the two terms proportional to exp(2z), so that

h ~ ng% .
10
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Writing & = % log & — 9, with § < 1 and substituting back into the definition of h we obtain

5%1 9 10 xA—%logE
2 \ 10 Neg .

Going back to the general expression for the inverse temperature in units of 1/, we find

1 /9\%1+25
TuB(E) ~1— o <E> g (5.19)

with the explicit dependence on the tube cutoff only showing up at second order in the large
energy expansion. We find at the end a result that resembles what was obtained in [24].
In particular, the “critical exponent”, 1 + -, in front of the logarithmic correction to the
entropy is extensive in the world-volume of the fivebrane and scales like it does in (R.§).
Our derivation shows that the Hagedorn regime is indeed locally unstable, with negative
specific heat, but the validity of the approximations involved requires that the tube cutoff
is not too large compared with the energy, i.e. we have %logE <zp K NOE.

Therefore, we find a result consistent with the analysis in the canonical ensemble:
the Hagedorn behaviour is swamped by the one-loop corrections due to radiation in the
tube, surviving only in a finite band of energies associated to the high energy cutoff of the
model. The monotonicity of (p.1§) implies that the specific heat of this finite Hagedorn
band is negative, with the possible exception of the immediate vicinity of the high energy
cutoff, where the radiation effects are necessarily small. Indeed, the large-energy asymp-
totics (5:19) is parametrically dominated (by a factor of N4) by the local loop corrections
at the horizon, given by eq. (B.5).

6. UV completion of LST

Our main conclusion so far is that the classical Hagedorn phase of LST seems to be inex-
tricably associated to a high-energy cutoff that limits the extensivity of the ‘tube’. On the
other hand, both the microcanonical and the canonical analysis suggest that a first-order
phase transition could take place, if a new set of stable degrees of freedom would take over
at very high energies. Thus, it is natural to try a physical realization of the cutoff that
provides at the same time these stable degrees of freedom. The simplest possibility would
be an embedding of the LST into an UV fixed point, i.e. some known CFT with an AdS
description in the gravity regime.

If such an ‘ultraviolet completion’ is feasible, we have a well-posed thermodynamical
ensemble, with positive specific heat in the deep high energy regime, and stable under
loop corrections, since radiation thermodynamics is perfectly compatible with holography
in such spaces. At the same time, one would be able to relate any possible instabilities of
the intermediate ‘Hagedorn regime’ to known phenomena in the asymptotic CFT at high
energies.

In this section we describe one such embedding, using the ideas of ‘deconstruction’ [[[§],
in which the world-volume of the NS5-branes is partially compactified on an appropriate
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lattice. Various deconstructions of LST theories have been proposed [[4, [[§]. Here, we
will follow the blueprint of [Lg] for the type IIB LST (see also BY—[l]), and adapt it to
the type ITA case. In type IIB theory, we consider an N' = 4 super Yang-Mills model with
gauge group U(N ) and a specific superpotential perturbation, called S-deformation:

W = itr (ei5/2<1>1<1>2<1>3 - e*i5/2q>1c1>3<1>2> ,

where ®; stand for the three chiral superfields of the N'= 4 SYM theory. At the particular
value 3 = 8m%i/ g%Mn, with gym the Yang-Mills coupling and n a positive integer that
divides N, the theory has a moduli space of vacua with unbroken U(N) gauge symmetry,
N=N /n, and a spectrum of massive modes that simulates a Kaluza-Klein reduction of a
six-dimensional theory on an n x n lattice.

One way of visualizing this vacuum is in terms of the S-dual configuration, in which
the vacua in question furnish a standard Higgs branch for the [g-deformed theory with
B = 2n/n. The particular configuration of the adjoint fields at these vacua is non-
commutative, with ®; and ®5 proportional to the matrices 1 y®I'1 and 15®I'5 respectively,
and I'y o satisfying '’y = I'sI'y exp(—2mi/n), the standard n-dimensional Weyl algebra
of clock and shift matrices. Since the eigenvalues of I'; o are the n-th roots of unity, and
the classical value of ®; 9 give the D3-brane transverse positions in two complex planes,
the D3-branes can be seen as distributed in an n x n lattice torus. However, the given ®;
and ®5 do not commute, and the lattice is ‘fuzzy’ or ‘noncommutative’. For a dense set
of D-branes, we may approximate this configuration using the so-called Myers effect [,
wrapping N D5-branes on a torus that contains a uniform distribution of the N D3-branes.
The D5-branes are marginally stabilized against shrinking by the background flux turned
on by the f-deformation, and the noncommutativity of the D5-branes is implemented by
turning on an appropriate B-field flux. Expanding all fields around this vacuum configu-
ration, the standard Higgs mechanism yields a massive spectrum that simulates a lattice
compactification from a six-dimensional theory.

The D-brane construction has the advantage of determining the dual geometry of this
system. We have an asymptotically AdSs x S® throat, sourced by N D3-branes which are
smeared over a two-torus sitting at radial coordinate » = r.. In the limit N>N>1we
can neglect the effect of the D5-branes until very near the smeared torus, where one enters
a geometry of N D5-branes. The B-field profile is determined by its large-r asymptotic
value [ Bys — 2ma/n (cf. [13-[H)).

We are actually interested in the S-dual system, which does not admit a simple weak-
coupling description in terms of a gauge-theory Higgs branch. However, the bulk geomet-
rical description arising at large 't Hooft coupling can be studied in either S-dual frames.

6.1 Gravitational dual of the deconstructed type IIB LST

By means of an S-duality of type I1B string theory, we can convert the background described
in the previous subsection into a deconstruction of the NS5-brane theory in type IIB. In
this case, one has a system of N D3-branes, smeared over a torus sitting at r = rg,
with N wrapped NS5-branes. The B-field flux is now replaced by n units of Ramond-
Ramond flux through the same torus. This background is characterized by a standard ‘tube’
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regime at small radius, with intrinsic length scale R, and new features at the radius where
noncommutativity effects become important, ry, and the scale of the D3-brane smearing
and NS5-brane wrapping, r.. Beyond this radius, we find an asymptotic AdS space with
length scale Ryy. We will see that these parameters are constrained in the present set up,
so that only a subset of them remain independent.

The metric reads (cf. [I§)

dv? + d
052 = 1+ 128 (—dt® 4 da?) + 29 g2 1y <—+d92) . (6.2)
1/1—{—7“2/7“9
and the dilaton profile
e? = gs\/1+712/r2. (6.2)

This background corresponds to N noncommutative NS5-branes in the near-horizon
limit with R = v/ Na/. At r < ry we recover ([.J) with the y-coordinates split into
r3 € R3 and (v,w) € T%, a square two-torus of size L. For r > ry we approach the metric
of N=Nn D3-branes, smeared over the T% atr=r.~ L:

T272 T272
The matching with (B.]) fixes rp = R and R}; = RL/\/7. Defining the new radial
coordinate p = v/r2 + v2 + w? we find the conformal AdSs x S° metric with radius Ryy =

Rps, for p>r. ~ L.
From the point of view of the CFT in the UV regime, the model is parametrized by

RA —-1/2 RA 1/2
ds? = (” D3> (—dt* + d3) + (” D3> (dv* + dw?® + dr* +r*dQ3) . (6.3)

two discrete parameters, N and n, and one continuous parameter, the 't Hooft coupling,
), in addition to the energy scale set by the particular vacuum chosen. We denote this
energy scale as €~ ! to signify its interpretation in the LST theory as a ‘lattice’ scale.
In the infrared regime, the model flows to the rank-N type IIB LST with length scale
R = 27Ty. At intermediate scales, the LST is compactified on a two-torus of size L and
has noncommutative features controlled by the B-field flux of n units. The parametric
mapping between the UV CFT and the noncommutative LST is obtained from the relation
A~ Rp, - R2L2N2 NN2L_2 .
o2 R4 R2

The main restriction of the present construction is the fact that the Hagedorn scale

(6.4)

of the LST, Ty, is linked to the ‘lattice regularization’ scale e~!. This follows from the

UV/IR relation in the high-energy CFT, which gives

e L1
R2, RL R

€ (6.5)
As explained in [1§], strong-coupling effects in the gravity regime at A>1 change the naive
weak coupling interpretation of n as the number of ‘lattice points’ in a given direction.
Using (6.4) and (6.5) we can write for the ‘effective size’ of the lattice,

LLff
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The string coupling controls the length of the LST tube through the relation x = log(r/rg),
yielding
xg = log(N/gs) - (6.7)

Hence, the LST with fixed R and N can be fitted with a long tube, xg > 1, if the string
coupling g, is sufficiently small. The requirement of a ‘large lattice’, neg > 1 is met by
choosing n > N, since neg ~ \/K/N ~ +\/gsn/N.

Finally, it is useful to express the important thresholds of the system in terms of the
energy attained by a black brane with horizon reaching out to 7,79 and r.. The first is
the Hagedorn energy, i.e. the minimum energy for which the Bekenstein-Hawking entropy
is Hagedorn-like,

Ey~ NV L?TS . (6.8)

Next we have the the energy threshold at the end of the (commutative) tube,
Eg = Eg e* | (6.9)

and finally the energy of the black brane at the ‘deconstruction scale’. We can define it in
terms of the UV parameters as the energy of a black D3-brane with horizon at rg ~ r. ~ L.

E.~N*V3Th . (6.10)

Using the previous expressions, we can obtain the following hierarchies:

Eg n_2 Ee ~ n_2 (6.11)
En ”e4ff 7 En ne2ff ’ .

and, in particular E./Ey ~ ngﬁ. Hence, a long LST tube, with xp > 1 at fixed N, requires
n> nlef, whereas a large deconstruction lattice requires neg > 1, resulting in a large band
of energies with noncommutative LST behaviour. We can suppress the noncommutative
band by using a small deconstruction lattice, L ~ ¢ ~ R, while still having a weakly curved
and weakly coupled background provided n > N > 1. The price we pay for removing
the noncommutative band is that there is no regime in which the LST is effectively six-
dimensional, as LTy ~ 1.

6.2 Gravitational dual of the deconstructed type ITA LST

The type IIA case follows from the type IIB one by a T-duality along one of the compact
circles, say the v coordinate. In the deep infrared, r < rg, the NSh-brane metric is self-
dual, whereas we recover at r > rg the metric of N D4-branes smeared over the w-circle
and wrapped on the v circle. In fact, we may as well decompactify the v circle and let the
x4 = (x3,v) coordinates parametrize the spatial R* factor of the D4-branes worldvolume.
We obtain:

d82:1/1+7‘2/7‘9( dt2_|_dx4 \/1—|—7“2/7“9 (——FdQZ) . (6.12)
1/1—{—7‘2/7’
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The dilaton is given by the same expression as in the type IIB case, eq. (b.9), with
gs denoting now the type IIA string coupling, whereas the n units of RR flux through the
(v, w) torus is T-dualized into a Wilson line of RR one-form through the w-circle. Matching
the metric (6.19) to that of N D4-branes smeared over a circle of size L,

2 L2 \'"? 2 2 231%4 2 2 2, .2.702
ds?® = <2R]%4> (—dt” + dxj) + ( .2 ) (dw? 4+ dr* +r%dQ3) (6.13)
we obtain 2R1%4 = R?L and ry9 = R. Defining again an asymptotic radial coordinate
p = Vr2 4+ w? the effect of the smearing disappears for p > r. ~ L, and we converge to
the metric of N localized D4-branes,

P 3/2 Rou 3/2
ds* = <—> —dt* +dx3) + <—> dp® + p*dQj) . 6.14
) | 1) . (dp* + p* d23) (6.14)

Unlike the type IIB case, this metric does not provide a full UV description by itself. At
a radius of order p ~ Rp4gs 1 4, the dilaton is of O(1) and we must uplift the metric to the
near-horizon regime of a compactified stack of N M5-branes in eleven-dimensional super-
gravity. The resulting asymptotic geometry is AdS; x S with radius Ryy = 24, (ﬂ'N )1/ 3,
with /£, the eleven-dimensional Planck length /¢, = g;/ 353-

As in the IIB case, the deconstruction scale, ¢!, is tied to the Hagedorn temperature

of the LST. The UV/IR relation of the five-dimensional U(N) Yang-Mills theory on the
D4-branes yields ¢ ~ \/Rl%él/rE ~ R ~ Bp. Using the general relation R]%4 ~ 03 gsN we
derive for the effective lattice spacing
L L g
n = —~ — N~ .
eff € R \/N

On the other hand, the relation between the commutative tube length and the string

(6.15)

coupling becomes x4 ~ log(v/N/gs). Finally, the LST threshold energies are given by
Ey ~N3VLLTS,  Ey=Epeée*, (6.16)
whereas
E. ~ N?(g;Nt,) Vi TS (6.17)

stands for the energy of black D4-branes with horizon at the deconstruction radius rg ~ 7..
Putting all together, we find the following relations for the energy hierarchies:
E 2 E
LD =, (6.18)
Ey N Ey
The size of the noncommtative band is controlled by neg, just as in the type IIB case, i.e.
E€ ~ ne2ff E@.
We may summarize the energy hierarchies for both ITA (o = 3) and IIB («a = 2) cases

2 2
Eo (™ L (6.19)
Ey  \ng®) = Bu \ni*) '

by the relations
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Figure 6: Schematic picture of the background profile in ITA deconstruction, showing the different
regions of interest in the vicinity of the LST regime. For the type IIB case, we replace the low-radius
AdS by a weak-coupling wall and the D4-branes by D3-branes.

7. Thermodynamics of the deconstructed LST theories

The Hagedorn phase of the LST theories is recovered in the gravitational dual by consid-
ering the corresponding near-extremal black metrics, obtained by the substitution dt?> —
dt®h(r) and dr? — dr?/h(r), with h(r) = 1 —r2/r? for all the noncommutative NS5-brane
metrics or the smeared metrics at large radius [&)].

It is important to notice, however, that these metrics are only approximate, as the full
background should not admit strictly static solutions at finite temperature. Notice that the
mass scale in the deconstructed LST theories comes from a choice of a particular vacuum
in the Higgs branch of the g-deformed CFT. At finite temperature, one expects these flat
directions to be lifted by thermal effects. The ‘lifetime’ of the LST vacuum with respect to
this process can be made arbitrarily slow by increasing the ‘rest mass’ of the branes, i.e. by
the n — oo limit. In the gravitational dual, this limit is precisely corresponding to making
the ‘tube’ arbitrarily long. Since the time dependence is related to the instability of the
wrapping torus at radius r., we expect that near-extremal solutions with ry < r. will be
approximately static. Indeed, exact solutions for a static non-extremal black brane exist for
an infinite tube, both in the commutative and non-commutative cases. As rg approaches
the deconstruction scale r., the dynamical instability becomes more important, and our
approximate picture based on static solutions is more qualitative. In effect, when the
horizon rises past 7., the smeared black-brane metrics characteristic of the Higgs branch
become locally unstable towards localization on the two-torus (via the Gregory-Laflamme
tachyonic mode).

Thus, in the deep ultraviolet regime we describe the system in terms of the normal
vacuum of the high energy theory, with h(p) = 1— pé‘ /p* in the type IIB case, corresponding
to a fully localized D3-brane stack, and h(p) = 1—,0% /p3 in the type IIA case, as appropriate
for the localized D4-brane stack. We effectively deal with the global thermal instability
of the LST construction by taking the static approximation for ry < 7. and switching to
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the localized solution abruptly at ro ~ 7., a procedure that we expect to be qualitatively
sensible for n > 1.
Under these assumptions, we end up with metrics of the form

dr?
F(r)

ds®> = —F(r)dt* + + ...,
for which the Hawking temperature is given by T'(rg) = F'(rg)/4w. Such a temperature
is invariant under a conformal rescaling of F'(r), provided it is non-singular at the horizon

r = r9. As a result, the effect of noncommutativity, given by the factors /1 + 72 /rg in
the five-brane metrics, is innocuous for the calculation of the Hawking temperature and
the Hagedorn plateau T'(rg) = Ty = (2nR)~! persists until we reach r ~ r. ~ L. Beyond
this point, we enter the standard behaviour of D3-branes, with T(pg)R ~ po/L, in the
type 1IB case. Conversely, in the type IIA case one finds the D4-brane temperature curve,
T(po)R ~ +/po/L, followed by that of M5-branes, T'(po)R ~ po/RL, in the asymptotic
eleven-dimensional regime. In all these cases, we have a normal finite-temperature ensemble
over a particular vacuum of a dual CFT in d spacetime dimensions. We expect then that the
transition to the standard positive specific heat regime T~ EY? will take place smoothly.
Hence, the classical approximation to T'(E) yields a Hagedorn plateau which tilts upwards
for rg > r. ~ L, with positive specific heat (cf. figure 10).

7.1 Radiation corrections

We are now ready to estimate the low-energy radiation contribution to the one-loop ther-
modynamics. As emphasized above, this is the possible source of extensive behaviour in
the holographic coordinate. The deconstructed models feature an LST tube extending over
the region 2y < z < 2, with zy = Rlog(N~27%/2) and zy = Rlog(1/gs). The radia-
tion thermodynamics of the tube is as explained in section 5, i.e. we have a nonrelativistic
seven-dimensional gas for T' < Ty and a relativistic ten-dimensional gas for T > Tp.

Further up the throat, in the region zp < z < z., with z. = Rlog(L/Rgs), we find the
noncommutative NS5 regime, with an associated effective potential

. Lo A o \2
Vr(2) 2 + (207 + 25+ (53) (7.1)

where p, stands for the momentum in the « 4+ 1 commutative directions and ¢ is the
momentum in the noncommutative torus of size L and dimension 4 — «. The potential
is qualitatively very different depending on whether we excite the momentum modes, ¢,
in the noncommutative directions. For z > zy, we have f(z) =~ exp(z/R), inducing a
steep wall in the z direction, except for ¢ = 0, for which we have a mass gap o?/4R?. We
can then evaluate (JL.I4) for this zero-mode sector, by integrating momenta only along the
commutative directions:

A(TQ)*:O = AZ W ‘/5 L AZ eXp | =T T2 ? + @ 5 (72)
s3

where we have assumed z > zy. We see that the radiation is extensive in the volume
of the commutative directions, V5/L*~%, as well as the z direction, i.e. it behaves as a
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Figure 7: Effective radiation potential in the deconstructed type IIA LST background. For zy <
2 < ze the tube plateau steps up to (3/2R)? for modes with zero momentum in the noncommutative
direction, whereas we encounter an exponential wall for non-vanishing momentum modes.

nonrelativistic (a+3)-dimensional gas for T' < Ty. For T > Ty we activate the extensivity
in S, leading to an (« + 6)-dimensional relativistic gas.
On the other hand, the contribution of the higher momentum modes in the noncom-

mutative directions scales with the optical volume of the spatial metric,

(_1)F /Zg dz < ’ (As?) ()é2 >>
A7) g =~ — _V ——— exp| 1| — + — . 7.3
(Telieo AZ: @n2ainy)T2 0 [, fz)he P R T4R? (73

s3

In this case, since the integral over z is of O(R), we have six-dimensional nonrelativistic
extensivity at T'< Ty and nine-dimensional relativistic extensivity for T'>> Tg.5

Hence, for z. > zg, the dominant contribution in the noncommutative region comes
from the ¢ = 0 sector ([.9), a radiation gas with similar properties to that in the tube
plateau, except for its lower effective dimensionality. In this case, the effective radiation
cutoff is xp ~ z. and EFp ~ E., although the details of the analysis of section 5 must
be slightly corrected for black energies in excess of FEjy, because of this lower effective
dimension of the thermal gas. If neg ~ 1, so that the LST tube merges directly with the
field-theoretical UV completion, we can set Ey ~ Eg ~ FE.. In this case, we also have

g ~ TA.

7.2 Phase structure

We can now put all the previous results together and plot the density of states or, equiv-
alently, the microcanonical temperature as a function of energy T'(E) = (0S/0E)~!, (cf.
figures 8, 9, 10). The deconstructed LSTs can be parametrized by N, Ty, the total tube
length x., and the partial compactification length L. At the level of classical supergrav-
ity, the thermodynamics only depends on two thresholds: Eyy, determining the access to

®This contribution was estimated in @], where the lower-dimensional zero-mode term () was ne-
glected, as the authors were focusing on entropy densities in the thermodynamic limit.
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Figure 8: Phase diagram of the deconstructed LST theory, as a function of the energy and the
effective length of radiation tube, z., in the classical approximation. The noncommutative LST
transient is supported by the ratio n.g = L/ > 1, disappearing when it approaches unity.

the Hagedorn plateau, and E., determining the end of the plateau and the onset of the
field-theoretical density of states of the UV completion.

The picture changes when we add the one-loop corrections, in the form of radiation
effects. Three new thresholds appear: E; (b.14), determining the beginning of radiation
domination in the tube, E,, (.16) the postponed new door to the Hagedorn regime, and
Eg, (b.9) the threshold of noncommutative effects.

The function T'(E) shows six-dimensional CFT scaling for £ < E;. In the transient
Ey < E < E,, the behaviour is that of nonrelativistic seven-dimensional gas. For F, <
E < FEy we have an approximate Hagedorn plateau with negative specific heat, which
decays slightly faster for Fy < E < E., due to the lower dimensionality of the radiation
in this region. Finally, the function T'(E) rises for E > E. towards the UV fixed points,
dominated by the classical contribution.

8. Concluding remarks

The curve T'(E) depicted in figure 10 shows that the system undergoes a first-order phase
transition when temperatures are raised above T} (b.1(), jumping directly from the phase of
a nonrelativistic gas in the tube to the plasma phase of the CFT in the UV. This means that
the Hagedorn phase is an unstable superheated transient behind the plasma phase of the
asymptotic theory. Hence, the situation is very similar to that of critical ten-dimensional
Hagedorn ensembles, with the first-order phase transition at 7" ~ T, being similar to the
Hawking-Page transition in AdS space (cf. [[L0]), except that in this case the transition is
triggered quantum mechanically in the bulk dynamics, and is not detected classically.
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Figure 9: The complete phase diagram of the deconstructed LST theory, as a function of the
energy and the tube cutoff, z.. Comparing with the phase diagram in the classical approximation,
we see that the main effect of the radiation corrections is to open a wedge for large tubes, z. > N,
dominated by the seven-dimensional nonrelativistic gas.

CFTuv

E; Egy E. Ey E.

Figure 10: The microcanonical temperature function, showing stable, unstable and metastable
phases, as a function of the important thresholds in the deconstructed LST systems. The dashed
line represents the classical approximation, with a Hagedorn plateau extending from Ep out to E..
The dotted line gives the Maxwell construction of the first-order phase transition at the critical
temperature Ty. In the limit when we decouple the UV fixed point, E. — oo, the high-energy
thresholds of the tube E, and Ey diverge, whereas the low-energy threshold E; vanishes. In this
limit, only the nonrelativistic gas remains.

The dynamical relevance of the continuum of states above the tube gap was already
emphasized in [[[J], where it was found that these states contribute with zero-momentum

singularities (hence infrared effects) in correlation functions of LST. Here we have seen that
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they even dominate the high-energy density of states, potentially screening all characteristic
‘Hagedorn’ effects of the LST.

From the point of view of defining the LST’s density of states, we confirm the results of
the previous section, namely the lattice regularization cannot be removed without taking
away the Hagedorn plateau with it, in effect ‘throwing the baby out with the bath water’.
In fact, not even the six-dimensional CF'T behaviour at low energies remains, since £y — 0
as £ — 00. In the decoupling limit we are left with the seven-dimensional nonrelativistic
gas. It is important to emphasize, however, that the temperature of this nonrelativistic gas
on the semi-infinite tube can never rise above Ty. If one tries to do so, the system is no
longer in equilibrium and the black brane proceeds to engulf the whole tube, a statement
that we made precise in the models with a tube cutoff, with Ty replaced by T.

If the tube is cutoff to a finite length, a Hagedorn band of (black-brane) states can be
identified at energies close to the cutoff, with a marginally negative specific heat. It is thus
natural to embed the model into a larger system with stable high-energy thermodynam-
ics, such as an asymptotic CFT in the UV. The tube cutoff appears then as a threshold
separating the LST dynamics from the standard CFT dynamics at very high energy. In
this situation, one faces the following dichotomy: the model can be defined at sub-critical
temperatures, 7" < Ty, in such a way that the dynamics decouples from the threshold,
but showing no signs of a Hagedorn spectrum. Alternatively, one can give up decoupling,
having a Hagedorn spectrum that survives as a ‘threshold effect’ at energies close to the
LST effective cutoff scale.

The fate of the LST Hagedorn transition, as discussed in this paper, resembles that of
the standard ten-dimensional critical strings [[]] in one important aspect: when the system
is forced at temperatures above Ty, it reacts by tearing apart the spacetime structure
(metrical and topological) that supports the Hagedorn degrees of freedom (cf. [f]), i.e. long
strings in the critical case, or a horizon embedded in a tube in the LST case.
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A. WKB estimates of field-theoretical traces in curved spacetime

In this appendix we show how the principle of local extensivity in terms of red-shifted
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temperatures follows from a WKB approximation to the basic free energy trace

I = Tr (~1)F log (1 - (—1)Fe—5W> . (A.1)

Let us consider, in general, traces of the form
Tr F(fw) = ZF (Bwn.j) , (A.2)

2

where wy, 5 is the eigenvalue spectrum of a family of positive-definite Schrodinger operators,

—82 + V;(2), indexed by j. Let us approximate each trace at fixed j by an integral
> F(Buwn) ~ /an(Bwn) = —/n(w) dF(Bw), (A.3)

where we have integrated by parts in the last step and neglected endpoint contributions.
This expression can be further approximated using the WKB relation

1 [

n(w) ~ © / 2/ V() , (A4)
™ Z—

where the integral over z runs between the turning points of the given eigenstate and we

assume n > 1. Hence, we have the WKB evaluation

TP~ - Y [ dedy Pl ot = 215600, (A.5)
J

where the limits on the integrals and the j sums are determined by the positivity of the
square root in the integrand.

We may now apply (A.5) to the evaluation of (A.1)), with V;(z) given by the effective
potential (JL.9). We obtain

D7

In some cases, it is useful to further approximate the sum over Laplace spectra A; by

L1 VY = B°Va,(2)
NG, ;/dzdy v . (A.6)

integrals over the warped manifolds with metrics ds? in (f.6). The condition for this to be
a good approximation is that the local red-shifted temperature 3(z)~ = (8/f(2)) 'be
larger than the inverse typical ‘size’ of the manifold, i.e.

B(2) pi(2)L; < 1. (A.7)

Under these circumstances, we can approximate

S (e it ) = T e [ a5 (ot
_ 18D H( 27:;”2 > /dmé’? G(x), (AS)
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for a general function G. In the particular case of ([A.§) we finnaly obtain
L~ [d7 Z(56).Ma ()] (A.9)

where dV = dz+/ f(2) [, pfidVi and Z(8, M) is the flat-space free energy density for a

single degree of freedom of mass M at temperature 871, i.e.

D—1
1 Bl_D e’} (y2 _ 62M2) 3
(B, M) = d Al
(B, M) (471) D1 F(D+1) /ﬁ eV — (—1)F (A.10)
The position-dependent mass and temperature are defined by
1 1
Meg(2)? = 22 - (A1)

fz) 7 Bl B/fR)

where Vp(z) is the ‘s-wave’ effective potential, i.e. (f.9) evaluated at A; = 0. Notice
that (A.11]) equals m in ([.9), except for the back-scattering terms that depend on py.
Hence, we have obtained the principle of local extensivity from the WKB approximation
to the partition sum, as well as the more important corrections to it.

Alternatively, we can start from the proper-time representation of ([A.1]):

> ds 252 2
o +1)F — . —sw
I, = 4\/_/ 53/2 (1) e 1 , (A.12)
and perform the WKB approximation to the trace, with F'(fw) = exp(—sw), to obtain

A(s) = ﬂTr emsY’ = (=D" Z/dz e s Vi) (A.13)

VAars 4rs

an expression that leads directly to (f.14) under s = 7a/7s. If we may further approximate
the sum over A; by an integral, using ([A.§):

~ (_1)F ¥ —ma 19 Vo(z
A(TQ) ~ W dV})p (& 2V0(2) s (A14)

where dT_/:)p is the spatial volume element in the optical metric:

ds?) = —dt* +dz* + f(z Z pi(2)?ds? . (A.15)

Hence, we have also shown that radiation thermodynamics is linearly extensive in the
volume of the optical metric.
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